Let E : y 2 = x 3 + ax + b be an elliptic curve defined over Q. We compute certain twists of the classical modular curve X(8). Searching for rational points on these twists enables us to find non-trivial pairs of 8-congruent elliptic curves over Q, i.e. pairs of non-isogenous elliptic curves over Q whose 8-torsion subgroups are isomorphic as Galois modules. We also show that there are infinitely many examples over Q.
Introduction And Notation
Let E, F be elliptic curves over Q. For each n ≥ 1, we say E and F are ncongruent with power r if E[n] ∼ = F [n] as Galois modules and the Weil pairing is switched to the power of r ∈ (Z/nZ) * . That is, if φ : E[n] → F [n] is a G Q -equivariant isomorphism then e r n (P, Q) = e n (φP, φQ) for all P, Q ∈ E[n]. For each elliptic curve E, the families of elliptic curves which are n-congruent to E with power r are parameterised by a modular curve X r E (n). That is, each non-cuspidal point on X r E (n) corresponds to an isomorphism class (F, φ) where F is an elliptic curve and φ : E[n] → F [n] is a G Q -isomorphism which switches the Weil pairing to the power of r. In fact we only need to focus on r ∈ (Z/nZ) * mod squares. The families of elliptic curves parameterised by X 1 E (n), n ≤ 5 were computed by Rubin and Silverberg [RS] and the existence and theoretical construction of X r E (n) can be found in [S] . When n ≤ 5, X r E (n) have genus 0 and they have infinitely many rational points. The families of elliptic curves parameterised by X r E (n) with r = 1 can be found in [F1] , [F2] . When n ≥ 7, X r E (n) have genus greater than 1 and so there are only finitely many rational points on each of these.
One of the motivations to study the equations for n ≥ 7 is to answer Mazur's question [M] which concerns whether there are any pairs of non-isogenous ncongruent curves. Motivated by Mazur's question, Kani and Schanz [KS] studied the geometry of the surface that parametrise pairs of n-congruent of elliptic curves. This prompted them to conjecture that for any n ≤ 12 there are infinitely many pairs of n-congruent non-isogenous elliptic curves over Q. It is understood that we are looking for examples with distinct j-invariants, since otherwise from any single example we could construct infinitely many by taking quadratic twists.
The conjecture in the case n = 7 was proved by Halberstadt and Kraus [HK] where they gave explicit formula for X 1 E (7). The equation of X 6 E (7) was computed by Poonen, Schaefer and Stoll [PSS] where they study the equation of X 6 E (7) to solve the Diophantine equation x 2 + y 3 = z 7 . The conjecture in the case n = 9, 11 was proved by Fisher [F3] where he gave explicit formula for X r E (9) and X r E (11) with r = ±1. In this paper we will give equations for the X r E (8), r = 1, 3, 5, 7 and the families of elliptic curves parameterised by these modular curves. For convention we write X E (8) as X 1 E (8). In the last section we will discuss the relation between the equations we obtain and the classification of modular diagonal surfaces as described in [KS] which then helps us to generate examples of pairs of nonisogenous 8-congruent elliptic curves.
Another motivation for studying n-congruence of elliptic curves is the following. It was observed by Cremona and Mazur [CM] that if elliptic curves E and F are n-congruent then the Mordell-Weil group of F can sometimes be used to explain elements of the Tate-Shafarevich group of E.
We fix our convention for the classical modular curve. Let X(n) be the classical modular curve on which each non-cuspidal point corresponds to an isomorphism class (E, φ) where E is an elliptic curve and φ : Z/nZ × µ n ∼ = E [n] such that e n (φ((a 1 , ζ 1 ), (a 2 , ζ 2 ))) = ζ a1 2 ζ a2 1
.
Equivalently, each non-cuspidal point corresponds to an isomorphism class (E, P, C)
where P is a primitive n-torsion point on E and C is a cyclic subgroup of E of order n which does not contain any multiple of P . Write Y (n) = X(n)\{cusps}. We writeQ as the algebraic closure of Q and G Q = Gal(Q/Q). For each n ≥ 1 and any field L, write K n (L) as the function field of X(n)/L. We will always assume L has characteristic not equal to 2 or 3. Let µ n be the set of n-th roots of unity. We will always write PSL 2 (Z/nZ) := SL 2 (Z/nZ)/{±I}. We state our main results. The families of elliptic curves parameterised by X E (4) and X 3 E (4) will be given in the appendix. Theorem 1.1. Let E be an elliptic curve with equation
t,a0,a1,a2 (Q) has equations f 1 = g 1 = h 1 = 0 where
Theorem 1.2. Let E be an elliptic curve with equation
t,a0,a1,a2 (Q) has equations f 5 = g 5 = h 5 = 0 where
Remark. The families of elliptic curves parameterised by X r E (8) can be read off from the families of elliptic curves parameterised by Xr E (4) via the forgetful map X r E (8) → Xr E (4) wherer = r mod 4.
We will give basic properties of the modular curve X(8) in Section 2. In Section 3 we will describe the function fields of X r E (8) over Q for each r = 1, 3, 5, 7. Then we will prove Theorem 1.1 and 1.2 in Section 4, based on the observations in Section 3 and the fact there is always a rational point on X E (8). The proofs of Theorem 1.3 and 1.4 require some cocycle calculations, which we will give in Section 5, and we will prove Theorem 1.3 and 1.4 in Section 6.
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The Modular Curve X(8)
In this section we give the basic properties of the curve X(8). We start by introducing the structure of X(4). Fix a primitive 4th root of unity i. It is well-known (see for example [S] ) that the modular curve X(4) can be identified with
is an elliptic curve, P u = (48u 4 − 144u 3 + 72u 2 − 36u + 3, 1728u 5 − 1728u 4 + 864u 3 −432u 2 +108u) is a primitive 4-torsion point and C u is generated by Q u = (48u 4 −15, i(864u 4 −54)). The cusps of X(4) are points satisfying u(16u 4 −1) = 0 and u = ∞.
Take the model E u and let x 1 and x 2 be the x-coordinates of any half point of P u and Q u respectively. They satisfy the vanishing of the following polynomials
Solving these directly we conclude that the function field of
for any field L containing µ 8 and so if ζ is a fixed 8th root of unity then a model of
The projective closure of this is a smooth curve of genus 5 and the families of elliptic curves parameterized by X(8) are
together with a G Q -invariant 8-torsion point P u,X1,X2,X3 = (P x , P y ) and a G Qinvariant cyclic subgroup Q u,X1,X2,X3 = (Q x , Q y ) where 
The forgetful morphism X(8) → X(4) is given by (u, X 1 , X 2 , X 3 ) → u. In particular, this is only ramified above the cusps with ramification degree 2. The function field of X (8) is obtained by adjoining the square roots of three rational functions of degree 2 on X(4) and the zeroes of these rational functions are the cusps of X(4).
3 . The group G n acts on X(n) by relabeling the n-torsion points. Explicitly, for each α ∈ G n and any point (E, φ) ∈ Y (n), α acts on (E, φ) by α • (E, φ) = (E, α • φ).
The Modular Elliptic Curves
We firstly recall some results of the level four structure and introduce the algorithm to compute X E (4) in [F1] . Let E : y 2 = x 3 + ax + b be an elliptic curve and write c 4 = − a 27 , c 6 = − b 54 . Take homogenous coordinate (u : v) for X(4) and define
This result can also be found in [BD] Section 7.
Proof. Fix a basis {p, q} for E[4]. For each s ∈ G Q , we identify s with its image under θ
Then it suffices to check that v j φ = φv j , j = 1, 2, 3. Note that v 1 fixes √ ∆ E and v 2 , v 3 switch the sign of √ ∆ E . Then a direct computation shows that
Lemma 3.2. Let t 1 , . . . , t 6 be the cusps of X E (4) which are the images of ± 1 2 , ± i 2 , 0, ∞ respectively, under the isomorphism X(4) → X E (4). If we set
and let θ j , j = 1, 2, 3 be the roots of
Proof. This follows from a direct computation.
Remark. Since we identify X 3 E (4) with X E (4), so t 1 , . . . , t 6 are also the cusps of X 3 E (4) and so the above lemma also holds for X 3 E (4).
We now illustrate the method to compute X r E (8), r = 1, 3, 5, 7. For simplicity, assume that x 3 + ax + b is irreducible. It follows immediately from compatibility of the Weil pairing that X r E (8) is a cover of Xr E (4), wherer = r mod 4. It can be shown that X r E (n) is a twist of X(n) (see, for example, [S] ). So X(8) and X r E (8) have the same ramification behavior under the forgetful morphism to the level four structure. Thus the forgetful morphism X r E (8) → Xr E (4) is only ramified at the points above the cusps of Xr E (4).
for some appropriate α r,j ∈ Q(E[2]), j = 1, 2, 3. We call these α r,j , j = 1, 2, 3 the scaling factors of X r E (8). Proof. As is described in Section 2, if we fix an affine coordinate u of X(4), then the function field of X(8) over Q(ζ) is given by
where ζ is a fixed primitive 8th root of unity. Fix an affine coordinate t of X E (4) as above. Since t 1 , . . . , t 6 are the images of ± 1 2 , ± i 2 , 0, ∞ respectively, the function field of X r E (8) over C has the form C(t, (t − t 1 )(t − t 2 ), (t − t 3 )(t − t 4 ), (t − t 5 )(t − t 6 )).
By Lemma 3.2, the rational functions (t−t 1 )(t−t 2 ), (t−t 3 )(t−t 4 ), (t−t 5 )(t−t 6 ) are defined over Q(E[2]) and are conjugate to each other.
As X r E (8) has a model over Q and so it has a model over
for some appropriate α r,1 , α r,2 , α r,3 ∈ Q(E[2]) which are conjugate to each other.
t,a0,a1,a2 (Q) is determined by the scaling factors α r,j , j = 1, 2, 3. In particular, the equation of X r E (8) over Q is obtained by comparing the coefficients of 1, θ j , θ 2 j , j = 1, 2, 3 in the equations
Proof. The extension of function fields (X
is Galois. Therefore to find a model of X r E (8) over Q, it suffices to find enough generating elements in the function field of X r E (8) over Q(E[2]) which are fixed by Gal(Q(E[2])/Q). Explicitly, we will write w j := α r,j (t − t 2j−1 )(t − t 2j ) and so w 2 j = α r,j (t − t 2j−1 )(t − t 2j ) for each j = 1, 2, 3. By Lemma 3.2, w j = a 0 + a 1 θ j + a 2 θ 2 j for some a 0 , a 1 , a 2 ∈ Q for each j = 1, 2, 3. Therefore we obtain equations
To find a model of X r E (8) over Q, it suffices to compare the coefficients of 1, θ j , θ 2 j , j = 1, 2, 3 on both sides of the equations above because these are invariant under the action of Gal(Q(E[2])/Q).
Remark. In fact it suffices to compare the coefficients of 1, θ j , θ 2 j in one of the equations
because they are conjugate to each other.
Remark. We are free to multiply α r,j by a non-zero squared factor of the form
2 because this leads to a change of coordinate in a 0 , a 1 , a 2 .
We can extend the above results to the case when x 3 + ax + b is reducible. For example, if x 3 + ax + b splits completely over Q, then the rational functions (t − t 2j−1 )(t − t 2j ), j = 1, 2, 3 are defined over Q. So X r E (8) ⊂ A 4 t,w1,w2,w3 (Q) has equations w 2 j = α r,j (t − t 2j−1 )(t − t 2j ), j = 1, 2, 3 for some appropriate α r,j ∈ Q, j = 1, 2, 3. This is isomorphic to the ones stated in Theorem 1.1-1.4 because there is a bijection between {a 0 , a 1 , a 2 } and {a 0 + a 1 θ j + a 2 θ 2 j : j = 1, 2, 3} over Q. The case when x 3 + ax + b has exactly one rational root is similar.
The Modular Curves
By Corollary 3.4, to find equations of X r E (8) over Q, it suffices to compute the scaling factors α r,j , j = 1, 2, 3 as introduced in Lemma 3.3. We prove Theorem 1.1 and 1.2 in this section.
Theorem 4.1. We can pick α 1,j to be 1 for each j = 1, 2, 3. In particular, we obtain the equation of X E (8) as stated in Theorem 1.1, together with the forgetful map
Proof. There is always a tautological rational point on the curve X E (n) for any n which corresponds to the pair (E, [1] ). The point on X E (4) corresponding to (E, [1] ) is given by the point of infinity under the isomorphism we described in Section 3. Since we construct X E (8) as a cover of X E (4), there is a point on X E (8) above t = ∞ which corresponds to (E, [1]). By a change of coordinate of a 0 , a 1 , a 2 , we may take this point to be t = ∞, a 0 = 1, a 1 = 0, a 2 = 0.
By corollary 3.4, the equation of X E (8) over Q is determined by comparing the coefficients of 1, θ j , θ 2 j in the equations
Taking homogenous coordinates in the above equations we have
and so the point t = ∞, a 0 = 1, a 1 = 0, a 2 = 0 is now (t : a 0 : a 1 : a 2 : s) = (1 : 1 : 0 : 0 : 0). Substituting this point into the equations, we conclude that we can take α 1,j , j = 1, 2, 3 to be 1.
By compatibility of the Weil pairing, X 5 E (8) is also a cover of X E (4). The proof of Theorem 1.2 is based on the following observations. Lemma 4.2. Let E be an elliptic curve and fix any basis {P, Q} for E [8] . Then the map φ :
Proof. The non-trivial 2-torsion points 4P, 4Q, 4P + 4Q are R-rational. Let s ∈ G R and write
Then s(4P ) = 4P and s(4Q) = 4Q. So A 2 , A 3 are both even. Thus,
Lemma 4.3. If the modular curves X 5 E (8) and X E (8) are isomorphic over K as covers of X E (4), then ∆ E is a square in K.
such that det φ = 5 and φ acts trivially on E[4]. If we fix a basis {P, Q} for E[8] then we can view φ as a 2 × 2 matrix in terms of its action on {P, Q}. We only need to consider φ in PGL 2 (Z/8Z) because multiplications by 3, 5, 7 are automorphisms on E[8] which preserve the Weil pairing. So we have the following possible matrices to consider
We see
T 3 1 1 0 1 and so it suffices to consider T 3 and T 4 . Let s ∈ G K and suppose the action of s on E[8] is given by s(P ) = A 1 P + A 2 Q, s(Q) = A 3 P + A 4 Q. If φ is given by the matrix T 3 , then using sφ = φs we conclude A 2 , A 3 are even. So A 1 , A 4 are odd because the action of s is invertible. This implies s fixes E[2] and so
If φ is given by T 4 , then a direct computation using sφ = φs shows that A 2 and A 3 have the same parity and A 1 + A 2 ≡ A 1 + A 3 ≡ A 4 mod 2. Suppose A 2 and A 3 are both even then we have exactly the same situation as above and so ∆ E is a square in K. Assume A 2 and A 3 are both odd. If A 1 is odd then A 4 is even and we have s(4P ) = 4P + 4Q, s(4Q) = 4P . So s(4P + 4Q) = 4Q, in which case ∆ E is a square. If A 1 is even then A 4 is odd and we have s(4P ) = 4Q, s(4Q) = 4P + 4Q. So s(4P + 4Q) = 4P , in which case ∆ E is again a square. 
Cocycles
The proofs of Theorem 1.1 and Theorem 1.2 are based on the fact there is always a rational point on the curve X E (8). However this is not always true for X 3 E (8) or X 7 E (8), for any elliptic curve E. We will prove Theorem 1.3 and 1.4 in the next section. By Corollary 3.4, it suffices to compute α 3,j and α 7,j , j = 1, 2, 3.
It is shown in [S] that X r E (n) are twists of X(n). In particular, X r E (8) are twists of X E (8) for each r ∈ (Z/8Z) * . By Theorem 2.2 in [AEC] , for each curve C/Q, there is a bijection between the twists of C/Q and H 1 (G Q , Isom(C)) where Isom(C) is the isomorphic group of C. In this section, we will describe the relation between the scaling factors α r,j , j = 1, 2, 3 introduced in Lemma 3.3 and the element which corresponds to X r E (8) in H 1 (G Q , Isom(X E (8))). For simplicity, we again assume that x 3 + ax + b is irreducible.
Lemma 5.1. For each r, let τ be an automorphism on E[8] which switches the Weil pairing to the power of r. Then for each The group H ∼ = (Z/2Z) 3 is defined to be the kernel of the reduction map PSL 2 (Z/8Z) → PSL 2 (Z/4Z) in Section 2 and H is a subgroup of Isom(X E (8)). Define H ′ to be the kernel of
and it can be checked that H ′ is Abelian. By Lemma 3.1 the matrix v induces a G Q -equivariant isomorphism between E[4] and E ∆E [4] which switches the Weil pairing to the power of 3, and so v identifies X 3 E (4) with X E (4). Since H is a subgroup of H ′ and det v = 1, the following sequence 
The image of r ∈ (Z/8Z) * can be computed as follows. Pick a lift v
is the curve corresponding to this cocycle by Lemma 5.1.
Recall that each non-cuspidal point on X r E (n) corresponds to a pair (F, φ) where F is an elliptic curve and φ : E[n] → F [n] is a G Q -equivariant isomorphism which switches the Weil pairing to the power of r. We consider the image of 7.
Lemma 5.2. The image of 7 under (Z/8Z)
Proof. For each s ∈ G Q , since s φ = φ,
The Galois conjugate ( s ψ)ψ −1 induces an automorphism on X E (8) which can be read off from (
We describe the image of 7 in H 1 (G Q , H) explicitly.
Lemma 5.3. Let v ′ = 1 2 6 3 be a lift of 7 in H ′ . For each s ∈ G Q , we identify s with its image under θ :
Then the action of s on v ′ is given by conjugation. Take generators s 1 , s 2 , s 3 , s 4 for GL 2 (Z/8Z) where
Lemma 5.2 and 5.3 give concrete descriptions of X 7 E (8) in terms of the image of 7 under (Z/8Z) * → H 1 (G Q , H 1 ). On the other hand, the equation of X 7 E (8) is determined by the scaling factors α 7,j , j = 1, 2, 3 by Corollary 3.4. The following lemmas show how these scaling factors are related to the image of 7 in H 1 (G Q , H).
Lemma 5.4. Let T 1 , T 2 , T 3 be the non-trivial 2-torsion points of E and M be the group Map(E[2]\{O}, µ 2 ) where the group operation is defined by
For each s ∈ G Q , we define the action s χ by χs −1 as we have trivial action on µ 2 . Then H ∼ = M as G Q -module and hence
Proof. Fix a basis {P, Q} for E[8] such that 4P = T 1 , 4Q = T 2 . Take generators S 1 , S 2 , S 3 for H where
For each s ∈ G Q , we identify s with its image under θ :
) and the action of G Q on H is given by conjugation s S i = sS i s −1 . We take generators s 1 , s 2 , s 3 , s 4 for GL 2 (Z/8Z) as in Lemma 5.3.
We identify each element χ ∈ M with a triple (e 1 , e 2 , e 3 ) where e i ∈ {±1} in the sense that χ(T i ) = e i . The action of G Q on M is given by s χ = χs −1 . Now define π : H → M explicitly by S 1 → χ 1 , S 2 → χ 2 , S 3 → χ 3 where χ 1 = (−1, −1, 1), χ 2 = (1, 1, −1), χ 3 = (1, −1, 1) .
Then a direct computation shows that si π(S j ) = π( si S j ) for i = 1, 2, 3, 4 and j = 1, 2, 3 and so π is a G Q -equivariant isomorphism. So 
Since we assume that x 3 + ax + b is irreducible, so L ∼ = L j for any j = 1, 2, 3 where L j = Q(θ j ), and we have an embedding L ֒→ 3 j=1 L j . Lemma 5.5. The image of 7 under (Z/8Z)
Proof. By considering the function field of X 7 E (8) and
). Moreover we have the following commutative diagram
For each s ∈ G Q , s acts on E[2] by permuting {T 1 , T 2 , T 3 }. Let σ s be the element in the symmetric group of {1, 2, 3} which corresponds to the action of s on {T 1 , T 2 , T 3 }. A direct computation shows that the Galois conjugate ( 
This induces a cocycle in H
Finally by Theorem 4.1, we can just take α 1,j = 1, j = 1, 2, 3.
In Section 6 we will take some suitable δ j ∈ L j , j = 1, 2, 3. To check α 7,j can be chosen to be δ j for each j, it then suffices to check that the preimage of
2 is exactly the same as the image of 7 under (Z/8Z) * → H 1 (G Q , H), which can be read off from C sj , j = 1, 2, 3, 4 in Lemma 5.3.
Remark. We can extend the results in the case when x 3 + ax + b is reducible. For example, if x 3 + ax + b splits completely over Q, then the Galois action on M is trivial and so we get
directly by Hilbert 90. The case when x 3 + ax + b = 0 has exactly one rational root is similar.
6 The Curves X 3 E (8) and X 7 E (8)
We will prove Theorem 1.4 following the strategy we described in Section 5. We will pick suitable δ j ∈ Q(E[2]), j = 1, 2, 3 which are conjugate to each other and show that α 7,j can indeed be chosen to be δ j for each j. In particular, we will compute the preimage of (δ 1 , δ 2 , δ 3 ) under
and check it is the same as the image of 7 under (Z/8Z) * → H 1 (G Q , H) by using Lemma 5.3, 5.4 and 5.5.
Lemma 6.1. Let E be an elliptic curve with equation y 2 = x 3 + ax + b. Let θ j , j = 1, 2, 3 be the roots of x 3 + ax + b = 0 and
Then the x-coordinates of the primitive 4-torsion points of E are given by
Proof. This follows immediately from factorising the 4-division polynomial of E over Q(E[2]).
We now fix a basis {P, Q} for E[8] such that 2P, 2Q, 2P + 2Q have xcoordinates θ 1 + i √ δ 1 , θ 2 + i √ δ 2 , and θ 3 + i √ δ 3 respectively by Lemma 6.1. Let T 1 = 4P, T 2 = 4Q, T 3 = 4P + 4Q be the non-trivial 2-torsion points so that T 1 = (θ 1 , 0), T 2 = (θ 2 , 0) and T 3 = (θ 3 , 0). Lemma 6.2. For each s ∈ G Q , we identify s with its image under θ : 
Proof. Fix a primitive 8th root of unity ζ so that ζ 2 = i. We have
By considering the x-coordinates of these points, we have
By considering the actions of s j , j = 1, 2, 3, 4 on E[2] we have
Therefore, we conclude that
Each s j , j = 1, 2, 3, 4 acts on E[2] by permuting {T 1 , T 2 , T 3 }. So for each j we write σ sj to be the element in the symmetric group of {1, 2, 3} which corresponds to the action of s j on {T 1 , T 2 , T 3 }. Lemma 6.3. We have
(1)
Proof. This follows from a direct computation by using Lemma 6.2.
We now prove Theorem 1.4.
Proof. We identify each s ∈ G Q with its image under θ :
) and pick generators s 1 , s 2 , s 3 , s 4 for GL 2 (Z/8Z) as in Lemma 5.3. Then by Lemma 6.3 and Shapiro's Lemma, the preimage of (δ 1 , δ 2 , δ 3 ) under
2 is a cocycle c s which can be described as c s1 = (−1, −1, 1), c s2 = (1, 1, 1), c s3 = (1, 1, −1), c s4 = (1, −1, 1).
By Lemma 5.4, the preimage of c sj under
is C sj for each j = 1, 2, 3, 4, where C sj , j = 1, 2, 3, 4 are matrices given in Lemma 5.3. But by Lemma 5.3, C sj , j = 1, 2, 3, 4 are used to describe the image of 7 under (Z/8Z) * → H 1 (G Q , H). This shows that the image of 7 under
is (δ 1 , δ 2 , δ 3 ). Then by Lemma 5.5, α 7,j can be chosen to be δ j for each j. Theorem 1.4 follows from comparing the coefficients of 1, θ j , θ 2 j in the equations
We now prove Theorem 1.3.
Proof. The connecting map (Z/8Z) * → H 1 (G Q , H) is a group homomorphism. Therefore, the image of 5 under
is the product of the image of 3 and the image of 7. So
We have shown in Theorem 4.4 that α 5,j = D for each j = 1, 2, 3 where D = −4a 3 − 27b 2 . Therefore,
Since ((θ 1 − θ 2 )(θ 3 − θ 1 )) 2 is a square in L 1 so we can take α 3,1 to be (θ 2 − θ 3 ) 2 (θ 1 − θ 2 )(θ 3 − θ 1 ). Similarly we can rescale α 3,2 and α 3,3 so that
Theorem 1.3 follows from comparing the coefficients of 1, θ j , θ 2 j in the equation
Remark. The points on X r E (8), r = 1, 3, 5, 7, appear in pairs. In other words,
Remark. Theorem 1.1-1.4 can be generalised to any field of characteristic not equal to 2 or 3 by exactly the same method.
The Modular Diagonal Surfaces
For each n ≥ 1 and ǫ ∈ (Z/nZ) * , Kani and Schanz classify the type of modular diagonal surface Z n,ǫ which are constructed as the quotient of X(n) × X(n) by
where α ǫ ∈ Aut(PSL 2 (Z/nZ)) is defined by conjugation by the element ǫ 0 0 1 Each point on the surface corresponds to a pair of elliptic curves which are ncongruent and the Weil pairing is switched to the power of ǫ [KS] . We are now going to study briefly of these surfaces in terms of the models of X r E (8), r = 1, 3, 5, 7 we got and explain how it helps to give numerical examples. In particular, we will show that there are infinitely many pairs of non-isogenous elliptic curves which are 8-congruent with power r.
Remark
By a result of Mazur, there are only finitely many l such that rational l-isogeny exists and so we only have finitely many sections on the surface which correspond to copies of X 0 (l). To find infinitely many pairs of non-isogenous elliptic curves which are 8-congruent, it suffices to find a curve C with infinitely many rational points and a point on C which does not correspond to isogenous curves. Since the intersection of C with X 0 (l) is either X 0 (l) or a finite set of points, so only finitely many points on C correspond to isogenous curves.
For each j = 0, 1728, ∞, there exists a unique elliptic curve E a of the form E : y 2 = x 3 + ax + a such that the j-invariant j(E a ) = j and so for j = 0, 1728, ∞ we take the representative E a in the class of C-isomorphic elliptic curves containing E a .
We start with the model S a,1 = X Ea (8) we got in the previous section and now we consider a being a variable. Then the irreducible part of S a,1 with a = 0, −
27
4 gives an open subscheme of Z 8,1 , which we call Z 8 . In [KS] , it is shown that the Z 8,1 is a rational surface and we will verify this and give explicit birational map between S a,1 and P 2 .
by (a, t, a 0 , a 1 , a 2 ) → (a,
Then we have This is a genus zero curve defined over Q(a 1 ) with a rational point given by
Hence using standard parametrization of the genus zero curve with a rational point, together with the intermediate steps we worked above we obtain the required parametrization.
The proposition allows one to classify all elliptic curves E such that the curve X E (8) has non-trivial rational points.
Corollary 7.2. There exist infinitely many pairs of non-isogenous elliptic curves which are directly 8-congruent.
Proof. This follows immediately from the Remark above and Proposition 6.1.
We now consider a similar construction of the modular surface corresponding to X r E (8) which helps to find numerical examples for r = 3, 5, 7. We start with the model X r E (8), set b = a and view a as a variable. We call the resulting variety S a,r . Proposition 7.3. There exists infinitely many pairs of non-isogenous elliptic curves which are 8-congruent with power 5.
Proof. Consider the genus 0 curve on S a,5 parameterized by A 1 p , defined by a 2 = 0,
Setting p = 2 we obtain a pairs of elliptic curves E :y 2 = x 3 + 54x + 216 20736p1
which are non-isogenous and 8-congruent with power 5.
If E is 5-isogenous to F then F is 8-congruent to E with power 5 and therefore we have a copy of X 0 (5) on S a,5 which corresponds to pairs of of 5-isogenous curves. Let E r : y 2 = x 3 + a r x + b r be the families of elliptic curves parameterized by X 0 (5), where
The F r , which is 5-isogenous to E r , is
and has j-invariant
. By considering the j-map X 4 E (8) → X(1) we obtain the value of t which corresponds to F r . Then the point on X 5 E (8) corresponding to F r is t = r 2 + 1, a 0 = −1944r(r 3 − 11r 2 + 7r + 1)(r 3 − 7r 2 − 11r − 1),
To find a copy of X 0 (5) on S a,5 we replace both a r , b r by a 3 r /b 2 r and rescale the coordinates t, a 0 , a 1 , a 2 . Similarly we can find points corresponding to 3-isogenous curves on S a,3 and points corresponding to 7-isogenous curves on S a,7 .
Proposition 7.4. There are infinitely many pairs of non-isogenous elliptic curves which are 8-congruent with power 3.
Proof. We search for a genus 0 curve on S a,3 . Consider the genus 0 curve on S a,3 parameterised by A Then the curves corresponding to r = 0 are non-isogenous and the result follows.
The families of curves parameterized by X 0 (3) are E r : y 2 = x 3 + a r x + b r where a r = 18r − 27, b r = 9r 2 − 54r + 54. So the curve F r which is 3-isogenous to E r corresponds to t = 1 − r, a 0 = 36r 2 − 126r + 108, a 1 = 15r − 18, a 2 = 3r − 6 on X 3 Er (8).
Proposition 7.5. There are infinitely many pairs of non-isogenous elliptic curves which are 8-congruent with power 7.
Proof. We start with the model S a,7 and we take the section t = 0. Then we obtain a curve C which has 2 irreducible components, one of which is not reduced. We take the reduced one, say C 1 , which is a genus 1 curve and it has a rational point p : a = −9, t = 0, a 0 = 3, a 1 = 1, a 2 = 0 and so C 1 is isomorphic to C ′ : y 2 = x 3 + x 2 − 538x + 4628 which has rank 1. Finally, we search a point on C 1 given by a = − 135 32 , t = 0, a 0 = 75 32 , a 1 = 5 4 , a 2 = −1 3 and this point gives a pair of non-isogenous curves E 1 : y 2 = x 3 − 1080x − 17280, E 2 : y 2 = x 3 + 7931250x − 8519850000.
The families of curves parameterized by X 0 (7) are E r : y 2 = x 3 + a r x + b r where 
8). Remark
The surface Z 8,7 is a surface of general type, and one might expect to take more effort to find rational points on S a,7 .
We now give some examples with small conductors.
Example
By searching rational points on X 5 E (8) we obtain a curve F which is nonisogenous to E and 8-congruent to E with power 5, where E :y 2 = x 3 + x 2 − 17x − 33 96a2
F :y 2 = x 3 − 8x 2 − 333056x + 59636736 1056d2
We give the traces of Frobenius of the curves at first several places and they are congruent mod 8 except p = 11. Further, at p = 3, both curves have split multiplicative reduction and we have v 3 (∆ E ) = 1, v 3 (∆ F ) = 5 which agrees with Proposition 2 in [KO] .
By searching rational points on X 3 E (8) we obtain a curve F which is nonisogenous to E and 8-congruent to E with power 3, where E :y 2 + xy + y = x 3 − x 2 − 2x 99a1
We give the traces of Frobenius of the curves at first several places Prime 2 3 5 7 11 13 17 19 23 29 31 Traces of Frobenius(E) 7 0 4 6 7 6 2 2 4 2 4 Traces of Frobenius(F) 7 0 4 6 -7 6 1 2 4 2 4 and they are congruent mod 8 except p = 11, 17. Further at p = 11 both curves have split multiplicative reduction and we have v 11 (∆ E ) = 1, v 11 (∆ F ) = 3 which agree with Proposition 2 in [KO] . We made some effort to minimise and reduce the equation X E (8) and find some examples of triples of elliptic curves which are directly 8-congruent to each other.
Example 7.6. Elliptic curves 129a1, 645e1 and 23349a1 are directly 8-congruent to each other.
Example 7.7. Elliptic curves 561a1, 235059g1 and 171105h1 are directly 8-congruent to each other.
